NOTES ON TWO-PARAMETER QUANTUM GROUPS, (II) 



NAIHONG HU* AND YUFENG PElt 

Abstract. This paper is the sequel to pi] to study the deformed structures and 
representations of two-parameter quantum groups E/r,s(fl) associated to the finite 
dimensional simple Lie algebras g. An equivalence of the braided tensor categories 
O r ' s and O q is explicitly established. 



1. Introduction 

In [11] . the authors introduced an unified definition for a class of two-parameter 
quantum groups U^ s {q) associated to finite-dimensional simple Lie algebras q in terms 
of the Euler form and showed that the positive parts of quantum groups are 2-cocycle 
deformations of each other as graded associative algebras if two parameters r, s satisfy 
certain conditions. This work is a continuation of the paper jTT] to characterize the 
structure of two-parameter quantum groups U r>a (g) and the category of £/ rjS (g)-modules. 

In this paper, with the help of (r, s)-skew derivations introduced in [TT], we prove the 
positive part C/+ s has a natural ?7 rjS (g)-module algebra structure. Partially motivated 
by Doi-Takeuchi's [7] and Majid's [13] results on Hopf 2-cocycle deformation theory, 
we show that the two-parameter quantum groups U r>s (Q) can be obtained from the 
one-parameter quantum group U qtq -i(g) by twisting the multiplication via an explicit 
Hopf 2-cocycle cr, that is, 

U r ,s(d) - U^ q -i(g), (as Hopf algebras). (1) 

It is noticed that this kind of deformation of the algebra structure depends on its coal- 
gebra structure. Inspired by Hodges-Levasseur-Toro's [9] work on the multi-parameter 
quantum groups, we prove that U r)S ($) can be deformed from U g>q -i(g,) as bigraded 

*N. Hu, supported in part by the NNSFC (Grants 10431040, 10728102), the PCSIRT, the Na- 
tional/Shanghai Leading Academic Discipline Project (Project Number: B407). 

tY. Pei, supported in part by the NNSFC (Grant 10571119), the ZJNSF (Grant Y607136) and the 
Leading Academic Discipline Project of Shanghai Normal University (Grant DZL803). 

1 



2 



HU AND PEI 



structures by twisting the multiplication via a bicharacter ( of the free abelian group 
Q x Q (where Q is the root lattice of g): 

U r)S (g) ~ U q>q -i jC (g), (as Q-bigrading Hopf algebras), (2) 

which recovers Theorem 3.3 in [TTj when it is restricted to the positive part of U r ^ s (g). 
As an application, we give a new and simple proof for the existence of nondegenerate 
skew Hopf pairing on U ryS (g), which were studied previously in [5l [3] where verifying 
the (r, s)-Serre relations to be preserved resulted in rather involved formulas. 

Representation theory of two-parameter quantum groups t/ r , s (g) under the assump- 
tion rs _1 being nonroot of unity has been investigated in [6j Hj, for q classical. It was 
showed that the category O r ' s of finite-dimensional weight f/ rjS (g)-modules (of type 1) 
is a semisimple braided tensor category. A natural question is to find the explicit rela- 
tions between the categories O r ' s and O q , where O q is the category of finite-dimensional 
weight f/g jg -i(g)-modules (of type 1) ([10]) and q is of finite type. Our main theorem is 

Theorem As braided tensor categories, the categories O r,s and O q are equivalent. 

This paper is organized as follows. In Section 2, we recall the definition of the 
two-parameter quantum groups given in [TT] and some basic properties. In Section 
3, we show that U+ s is a [7 riS (g)-module algebra. Section 4 is devoted to the study 
of a certain Hopf 2-cocycle deformation of U q (o). In Section 5 we discuss bigraded 
deformation of Hopf algebras. In Section 6, we give a new and simple proof for the 
existence of nondegenerate skew Hopf pairing on t/ rjS (g) and obtain an equivalence of 
the braided tensor categories. 

2. Two-parameter quantum groups 

2.1. Let us start with some notations. For n > 0, let 

r, i v n - 1 

(n) v = l + v + --- + v n 1 = -. 

v — 1 

(n) v \ = (l) v (2) v ---(n) v and (0)J = 1. 

/ n\ (n)J v n — v~ n 

\k) = (kU(n-k).r ^ v - «-i ' 
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Throughout the paper, we denote by Z, Z + , N, C and Q the sets of integers, of pos- 
itive integers, of non-negative integers, of complex numbers and of rational numbers, 
respectively. 

2.2. Let q be a finite-dimensional simple Lie algebra over a field K 3 Q and A = 
(tt^'^^j^zj be an associated Cartan matrix. Let di be relatively prime positive integers 
such that didij = djdji for i,j G I. Let II = {cti | i G /} be the set of simple roots, 
Q = ©ie/ ro °t lattice, Q + = © ig/ Na« positive root lattice, A weight lattice, and 
A + the set of dominant weights. Let $ be the set of roots and $ + positive roots. Let 
Q(r, s) be the rational functions field in two variables r, s over Q. Let = r di , = 
for i E I. Now let K 5 Q(?", s) be a field such that (rs -1 ) ™ G K for some m G Z + such 
that mA C Q for the possibly smallest positive integer m. We always assume that rs _1 
is not a root of unity. Let (—,—) be the Euler bilinear form on Q x Q defined by 

didij i < j, 

:= (oi.atj) = ^ dj i = j, (3) 
z > j. 

For A G A, we linearly extend the bilinear form (— , — ) to be defined on A x A such that 

*> = ^ E"=i a i(i> «)> or (*> A ) = ^ E"=i a i(^> i) for A = i J2j a i a i with a 3 e z - 

Definition 4 (Hu-Pei [llj). The two-parameter quantum group U r , s (o) is a unital 
associative algebra overK generated by ei, f^ujf 1 ,^ , i G /, subject to the relations: 



(R2) [uJi,ujj} = [uj'^ujj] = [uitWj] = 0, 

(R3) u iej = r^s-^ejUi, ufa = r~^ s {hi) e^. 



(R5) eifj - /j-ej = 8 hJ 



OJi — L0' A 



n- s 

I— a 



(R6) 



E(-l)^ 1 k aij ) ^e^" V* = 0, 



fc=0 
I— a 



1 — a,- 
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where 



c\f = (ns-^^r^s-^, for i ^ j. 



The algebra U rtS (s>) has a Hopf algebra structure with the comultiplication, the counit 
and the ant ip ode given by: 



A(ei) = e 4 <g> 1 + <g> e i} A(/i) = 1 <g> /» + ft <g> c^, 
e^f 1 ) = eCwf 1 ) = 1, e(ei) = e(/0 = 0, 



l 5 



5(0 = W f , Sfo 



— a;.- 



Let C/+ s (respectively, C/~ a ) be the subalgebra of U r>3 := £A-,s(s) generated by the 
elements e, (respectively, f\) for i E I, and C/° s the subalgebra of C/ r>s generated by 
uof 1 ^'^ 1 for i E I. Moreover, let Ufg (respectively, Uf^) be the subalgebra of U r>s 
generated by the elements e,, ujf 1 for i E I (respectively, /j, u'^ 1 for i E I). For each 
li E Q (the root lattice of g), we define elements cj m and u' by 

^ = n ^ ^ = n ^ ^ = s g < 2- 

For (3eQ + , let 

)±/3 = E C/± | = r^s-<^>x, c^xc^ = r^s^x, V fi E Q} , 



then 



/3GQ+ 



are Q + -graded. 



2.3. Assume that r = s" 1 = g, it is clear that U riS (g) becomes the one-parameter quan- 
tum group Uq tq -i(o) of Drinfel'd-Jimbo type with double group-like elements, which is 
a unital associative algebra over K generated by E h Fj, Kf l , K'^ 1 , (i E I), subject to 
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the following relations: 



(1) 
(2) 
(3) 

(4) 
(5) 

(6) 



'±1 ts±1 



K^Kf 1 = K'^K'T 1 = 1 



IE- F-]=6--*^ 



K t F 3 K: 



i-i 



1— OJ 



£(-!)' 

k=0 

EM)' 



% - 4 
1 — a 



A: 



j^l a,ij ^JTJ.JTjk 



q% 



k=0 



k 



= 0, i^j, 
0, i^j. 



Moreover, it is known that U qtq -i (g) has a Hopf algebra structure with the comultipli- 
cation, the counit and the antipode given by: 



A(Ei) = Ei®l + K t ® Ei 
s(K^) = eiK* 1 ) = 1, 

S(E t ) = -K^Ei, 



K 



eiEi) = e(Fi) = 0, 



(5) 



S(K> ±1 ) = K' t 
S(F l ) = -F l K; i 



By abuse of notation, we denote U q (g) := U q>q -i(g). Let (respectively, U q ) be 
the subalgebra of U q := U q (g) generated by the elements (respectively, Fj) for % £ i, 



r>o 



and C/° the subalgebra of C/ g generated by iff , iQ for % £ I. Moreover, let [/ 
(respectively, Uf°) be the subalgebra of U q generated by the elements E i: iff 1 for 
i £ I (respectively, F i: K'^ 1 for i £ I). For each fx £ Q (the root lattice of g), we 
denote if M and if' by 

K, = J] tff , i^ = for /i = e <?■ 



For /3 G Q + , let 

(^) ±/ 3 = £ U± | if M :rif_ M = q^x, K'^xK'^ = q~ M x, V fj, £ Q) 
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then Uq = ®p£Q(Uq)p is a Q-graded algebra. Moreover, there exists a unique nonde- 
generate skew Hopf pairing ( , ) q between Uf Q and U^°, such that 

(F^E^^Stj^—, (6) 

(xKl,yK u ) q = q^(x,y) q (7) 

for any i,j G I,x G U^°,y G U^ ,/!, v G Therefore, {7 g has the Drinfel'd double 
structure, that is, as Hopf algebras, we have the following isomorphism: 

U q ^V(Uf,U}°,(,) q ). (8) 

3. f/ r s (0)-module algebra structure over U+ s 

Let (H,m, l,A,e,S) be a Hopf algebra over a field fc. Recall that an (associative) 
algebra A over k an if-module algebra if A has an (left) if-module structure such that 

(1) hl A = e(h)\ A , (2) h(ab) = J](/i {1) a)(/i {2) &), 

for h E H, a,b <E A with A(/i) = /i^) <8> /i( 2 ). Here the second condition means that 
the multiplication is a homomorphism of ff-modules. 

3.1. Skew derivations. By the definition of coproduct, we have 

G (C/+ ® ([/+)„, Vi £ ([/+ ) /3 . 

0<^</3 

For i G / and f3 G Q + , define linear maps 

4 4 d : (U+ (U+ h-^, 

such that 

A(x) = x ® 1 + ^ c^i (g> ej + the rest, 
iei 

A(x) = a;^ <g) £ + ej c^.^ <g> + the rest. 

16/ 

Here in each case "the rest" refers to terms involving products of more than one ej in 
the second (resp. first) factor. Let 

di := — - — 4, id := — - — id. (9) 

Ti S{ Ti Si 

Then we have the following lemma 
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Lemma 10. For any i, j E I, x E {U r>s )t, x' E {U+ S )p>, y E U~ s , we 

(i) di(xx') = r^'^s- {a ^' ) d l {x)x' + xdi{x'), 

(ii) id(xx') = id(x) x' + r^^s'^'^x id(x'), 

(iii) (fry, x) r>s = (y, id(x)) r , s , 

(iv) (yfi, X)r,s = (V, di(x)) r)S , 

(v) fix - xfi = di(x) LOi - u- id(x), 

(vi) <),,() ,()<),. 



Let ej, je : U+ s — > Uf s be defined by 

^i\X) x c^, ^e (x ) 6^ X , 

for any x,x' E (Uf s )p. Then 

Corollary 12. For any i, j E I, we have 

(i) s ^) e . d . • 

(ii) i d j e = r<M) 8 -V> i > j e i d + 6 i>j . 
Proposition 13 (Hu-Pei [H]). For any i ^ j , 

E (-!)*( 

1 Ctjj , 

EHn 

i — n \ 



i j 1 4* ) *« 1 " atf "*^*« fc = o. 



1 tty \ (fe) fe l-a^-fc _ 

fc / _1 ^ ' J ' _ ' 



k=0 x 7 ' 

where 

,(*) _ , -uMtli k(j,i) -k(i,j) 



c^> = (r<0^^ r aV * > for i ^ j. 



Define two linear operators over U^ s as follows: 



di, id: U+ — ► u: 



by 



di(x) = r-^'^Ks^-^idix), VxE(U+ s )f3, 
~8{x) = r-V-^s^-^diix), Vxe{U+ s ) p . 
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Lemma 16. For any i, j & I , x E (U+ S )p, x' G (U+ S )pr, we have 

di{xx') = r^ ai ^s^'^di{x) x' + xd~i{x'), 
~d{xx') = ~d{x)x' + r-^s {a » l3) x~d{x'), 

Proposition 17. For any i ^ j , we have 

1—a.i 



E(-W 
E(-W 



1_a *i c g ,) fi5*^ 1 " flw -* = o, (i* 



k / -i 13 



' °^ cf-d^ aij - k -d-d k = 0, (19) 



where 



Proof. By the definition of d, n id and Proposition [131 El 

3.2. Module algebra structure. For any fi E Q, i E I, x E {U^~ s )p, we define the 
action > by : 

j tM> x = r {M s- { ^x, 



x 



ej > x = — -, 

fi>x= di(x). 
Theorem 20. U^ s is a U r s (g) -module algebra. 

Proof. First, we show that U^ s is a f/ rjS (0)-module. In fact, for x E (U+ S )p, 

- Si){ei > /j- >-fj> et>)(x) 

= (r t - Sl ) ei > (d](x)) - fj > (e lX - r^s-^xe,) 
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= eidj{x) - r {l3 ^' ai '>s~^' p - a ^d' j {x)e i - W^x) + r^s-^djixa) 
= eidj{x) - r^-^'^s-^-^Wjix)^ - {Sijr'^s^x + e^(x)) 

+ r^s-^iS^x + r^'V^S^x)^) 
= 6 i)j {rV > ' ai >s-< ai '® - r - {a t>®sV > ' a * ) )(x) 
= 5ij(ui -u' j )>x. 

It is clear that satisfies (r, s)-Serre relation (R6). By (ITS)) . /j satisfies (r, s)-Serre 
relation (R7). 

Next, we show that is a f/ rjS (g)-module algebra. For any x G (Uf s )p, x' G (Uf s )p>, 

oj fl >(xx / ) = rVt+P'ris-W+Mxx' = (uj fM >x)(uj fM >x'), 
^ > (xx') = r-d^+^s^+^xx' = (t^ > > x'), 



fr, : - s,;)e, : > (xx') 



- _ T .C3+i9 / .ai),,-<"i I y9+/9'>^ / p. 

= ( ei x - r^s-^xe^x' + s~ {ai ' 0) x{e { x' - r^' ' ai) s'^'^ x' a) 
= {n - Si)(e» >x)(l >x') + (r* - Si)(a?i > x)(ej > x'), 

/< > (xx') = ^(xx') = r- {a >' f3 ' ) s { P' a * ) ~d i (x) x' + xd~(x') 
= (/ i >x)(a;->x / ) + (l>x)(/i>x'). 

This completes the proof. □ 

4. Hopf 2-cocycle deformation 

Definition 21. Let (H, m, 1, A, e, S) be a Hopf algebra over a field k. A bilinear form 
a : H x H — > k is called a Hopf 2-cocycle for H if it has an inverse a" 1 under the 
convolution product, and satisfies the cocycle conditions: 

^ er(ai, b 1 )o-(a 2 b 2 , c) = } j a(h, Ci)a(a, b 2 c 2 ), (22) 
a(a, 1) = e(a) = cr(l, a), \/a,b,cEH. (23) 



Following Doi-Takeuchi [7] and Majid |13j . one can construct a new Hopf algebra 
structure (i? CT , m CT , 1, A, e, S a ) on the coalgebra (H,A,e). The new multiplication m" 
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is given by 

m a (a(g)b) = ^2a(a 1 ,b 1 )a 2 b 2 cr' 1 (a 3 ,b 3 ). (24) 
The new antipode S a is given by 

S°(a) = J2 (r ' 1 ( a ^ S ( a 2))S(a 3 )a(S(a 4 ),a 5 ), V a G H. (25) 

Proposition 26. Assume that rs -1 = q 2 . Let o : U q (g) x U q (g) — > IK be a bilinear 
map defined as 

Jr^s- 1 ^, V x = K lx , or K' y = K v , or K'„, fi,v e Q, 
a(x,y) = < (27) 
I 0, otherwise. 

Then a is a Hopf 2-cocycle on U q in the sense of Definition [21\ 

Proof. It is clear that a satisfies the condition fl23|) . For any homogeneous elements 
x, y, z G U q , if x, y, z G U®, it is clear that a satisfies the condition (I2"2~j) . If x £ 
U®, then J2a(yi, zi)a(x,y 2 Z2) = 0. On the other hand, let a ® b be any one of the 
summands in A(x), then a ®b ^ U q ®U q , that is, a ^ U® or b ^ U q . It follows that 
^ a (a, y\)a(by 2 , z) = 0. Therefore, a also satisfies the condition (|22|) . Similarly, we 
can prove that a also satisfies the condition f[2"2"j) if y ^ [7° or 2; ^ U® . □ 

Theorem 28. Let rs" 1 = g 2 and o be defined as (27\). Then, as K-Hopf algebras, 



U r M * U°{g), 

where U q is the new Hopf algebra arising from the deformation by Hopf 2-cocycle o. 
Proof. Let (ft : U r)S {&) — ► U q (g) be a linear map defined by 

= E u 4>(fc) = (s l q t )- 1 F t , <fr(u i ) = K i , 4>H) = K 
It suffices to show that <f) is an algebra homomorphism. Note that 

A 2 (Ki) = K, l ®K i ® K u A 2 {K[) =K' i ®K' i ® K[, 
A 2 (Ei) =E i ®l®l + K i ®E i ®l + K i ®K i ®E i , 
A 2 (F) = 1 ® 1 <g> Fi + 1 <8> F <g> K[ + F ® AT? <g> F^. 
Define x * y := m°"(x ® w), V x, y E U q . Then it is easy to check 

Ff 1 * Ff = Ff 1 * K? 1 = 1, 
Fi * Fj = Fj * Ki, K[ * K'j = K'j * K[, K { * K'- = Fj * F*. 
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By definition, we have 

Ki*Ej = a(K i ,K j )K i E j = a(K i ,K j )q^ + ^E j K i 

= a(K h K 3 )q^ + ^a(K 3 , K^ X E 3 * K % 

Ml _Ml, i x (i,i)+v,i) _Ml M ^ 
= r 2 s 2 (rs ) 2 r 2 s 2 Ej * Ki 

= r {jA s~ {i ' j) E 3 * K h 

K' t *E 3 = a{K[,K j )K{E 3 =a{K[,K j )q-^-^E 3 K{ 

— r 2 s 2 ( rs 1 j 2 r 2 s 2 E 3 * K\ 

K l *F 3 = a(K u K 3 )- 1 K l F 3 = a(K t ,K 3 )- 1 q-^^^F 3 K l 

= a(K i: Kj^q-^-^aiKj, Ki)F 3 * K % 

cm) <j,j> , i , Ml±M Ml -Ml ^ 
= r 2 s 2 (rs ) 2 r 2 s 2 1 3 * Ki 

= r- {jA s {i ' j) F 3 * K u 

K[*F 3 = a{K[,K j )- 1 K[F 3 = a{K[,K j )- l q^ )+ ^F 3 K{ 

= a{K[, K 3 y\^^o{K 3 , K[)F 3 * K\ 

_ML Ml/ i \ Ml+Ml Ml —Ml ,-, r w 
= r 2 s 2 (rs ) 2 r 2 s 2 F 3 * K\ 

= r^s'^Fj * K[, 

Ei * F 3 — Fj * Ei = E l F 3 -F 3 E l = 5 lt3 Ki ~ Ki l . 

Qi-Qi 

Next, we will prove 

1— a 



3 /I \ 

fe=o V K 'n>7 1 

£(-!)* ( X ~ ^ ^ * F 3 * if—*) = 0, (i? j), 



k=0 x 7 r i s 

where c$ = (rvsr 1 ) ^ ^ r k ^'^s~ k ^' j \ Since 
E* {1 - aij - k) *Ej*E* k = a(Ki, K^^a^Ki, K 3 f- a ^- k a(K 3 , K t ) k El' a ^' k E 3 E k 

-i ( a ij- l ) a ij (l-aij-k)(j,i)+k(i,j) (l- aii -k){i,j)+k{j,i) -\_ n .._u 

= (nsi 1 ) 2 r — s — E\ 3 E 
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(aij-l)ai 



Hj_ -k{j,i)+k{i,j) i „ ;,■ 



2 i rS ) 



(k) , -k(j,i)+k(i,j) 



4 M 

then 

1— a 



% 3 / 



1 - a^- 



fc(fc-i) 



ixf^i _ fc(fc-l+a y ) 



c (fc)£.(l-ay-fc) ^ ^ 



1— a,- 



, , _, . l-a 



fc=0 
l-a 



1 - Oi 



t^E*" 1 )' 



fc=0 



1 — a 

fc 



</ 2 



= 0. 



Since 



(ajj-l)ajj fc(j,i) + (l-n ij --fc)<i,j> fc(i,j) + (l-a jj - -fc) <j,i) 



2 7" 



2 S 

1 — a,-. 



1 fli -j 



4 ; (rs) 



Then 



= ) 2 (r iSi ) 2 = g.^ 



1 dij , 



1 - 



S^F* k * Fj * p*( l - a ij~ k ) 



l-a,- 



E(-d* 



fc=0 



1 - a ?: 



c\Mrs) 



(ajj-l)aj 



l-a,; 



E(-d* 



fc=0 



1 Cta-i 



fc J 2 C ^ (rS) 
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:(r . a _ 1) _i=^ (rMa _ -^_iq ? l x 

fc =o V fc ) £ 



fc=o V fc A? 



1— ay 

(Ojj-l)aj,- l-a ; 



fc=0 



1 (2^ 



A: 



pi 0y fc p pfc 



0. 

□ 



Remark 29. Le£ rs 1 = q 2 and o' : U q (o) x L^(fl) — > K be a bilinear form defined as 
a'(x,y) -- 



2)<^>, V x = i^, orK' y = K u , or K' v , fi,ueQ, 



l M5 "/I 

0, otherwise 



Similarly, one can check directly that a' is also a Hopf 2-cocycle ofU q (o). In fact, a 
and a' are cohomologous Hopf 2-cocycles in the sense of Majid [T3] . 

5. Bigraded Hopf algebras 

Lemma 30 (|2J). Let A = © 9g G^4 9 ^ e a G-graded associative algebra over a field 
k, where G is an abelian group. Let if> : G x G — > k* be a 2-cocycle of group G. We 
introduce a new multiplication ■ on A as follows: For any x G A g , y G Ah, where 
g, h G G, we define 

x-y = ip(g,h)xy. 

Denote this new algebra by A^ . Then A^ is a G-graded associative algebra. 

Definition 31 ([9J). Let G = {gi \ i G J} be a free abelian group. A Hopf algebra 
(A, i, m, e, A, S) over a field k is a G-bigraded Hopf algebra if it is equipped with a 
G x G- grading 

H = 2^ ^ a 'P 

(a,/3)eGxG 

such that 

k C H 0t0 , 
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-yea 

e(H a ^) = 0, for a ^ -(3, 

Let a : G x G — > k* be a skew bicharacter over G. Then one can define a 
(GxG)x(GxG) — ► k* such that 



It is clear that a is a 2-cocycle of group G x G. Let (H, 1, m, e, A, 5*) be a G-bigraded 
Hopf algebra. Define a new product o as 

aob = a ((a, /?), (a', (3'))ab = a(a, a')a((3, /3') _1 a6, V a G A*,/?, 6 G A a i t pi. 

Then if^ := (if, 1, o, e, A, 5) is a G-bigraded Hopf algebra [9]. 

5.1. For any « 6 7 and /iG Q, define 

ai,— ai • 

It is clear that t/^g) is a Q-bigraded Hopf algebra. 
Assume that rjS" 1 = g 2 *, Vie/. Let 

p y = r M s -W) q -di"u n (32) 

Then 

Pit = I, PiiPj* = 1, V i, j G J. (33) 

i 

Proposition 34. Lei ( : Q x Q ^ K*, £(aj,ct,) = p?-, Vi, j G I. T/ien £ is a s^ew 
bicharacter on Q. As Q-bigraded Hopf algebras, we have 

U q , c (s) ^ U r M. (35) 

Proof. It suffices to check the following relations: 

K { o Ej = C(«i, aj)C _1 (-ai, Oj-Ki-Ey 

= C(a i ,a i )g*°«C(«i,ai)" 1 ^o^ 



Since 
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= r^s'^Ej o Ki, 
K[ o Ej = C(«i, a^i-Oi, tt)K[E 3 

= r~^ j) s {jA Ej o F i; 
Ki o F,- = C(« l5 0)C- 1 (-a i , -aj)KiFj 

= C~V*, <\ ,)q ,/ " U'> ; , ai)Fj o ^ 

= r'^s^Fj o k;, 
F^ o F,- = C(oi, 0)C- 1 (-«,, -ctjWFj 

= C 1 (a i ,a j )q diai i{(a j ,a i )F j oK' i 
= Pji q diai iF j oK' i 
= r^s-WFj o K'i, 

E z o F, - Fj o Fj = E t F 3 - F jEt = 



1 ^ c^E° {1 - aij - k) oE<oE° k 



ij i 3 i 

risT 1 



k 

3^i 



£(-i) l ( 

fc=0 v 

fc=o V K 'n'7 1 
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1 CLn 7 

l-oy « 



0. 
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1 — a. 



fc=0 



k 



Similarly, 



Then 



F ofc o F- o F o(1 " airl: ' — n 2 n~ K F K FF" 



1— ay 

E(- 

fc=0 




k 




1— Oij 

E<- 

fe=0 






1-ay 


1— ay 

E( 

fc=0 






E( 

fc=0 






1-aij 

E( 

fc=0 




0. 





1 — a 



[r i s i *] 2 r Ul 's 



1 - a»j 
k 

1 (2jj 

k 

1 — GUi 



y r j r i 



pi aij k p pk 



This completes the proof. □ 

As a corollary, we recover a result in 

Corollary 36 ([llj). Let be the deformation of by (. Then, as Q-graded 
algebras, we have 

U r,s — U q£- 

Remark 37. When g is of type D n , U r ^ s (D n ) is slightly different from U' rs {D n ) defined 
in PJ. In fact, they are related by a Q-bigraded deformation. 
For example, for type D4, we have 

1 1 \ 



f rs 1 r 1 



U r , s (D 4 



s rs 1 r 1 r 1 



V 1 



1 rs 1 J 



( 


rs 1 




1 


\ 




s 


rs -i r -i 








1 


s rs^ 1 


(rs) -1 




\ 


1 


s rs 


rs -i 





It suffices to set 
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{P 



■i J > 



/ill 1 
111 1 

1 1 1 (rs)- 1 
\ 1 1 rs 1 J 



i5, 



In general, for type D n , it suffices to take Pij = (rs) i ' n s ^ n - 1 

5.2. As applications, we will give a new and simple proof for the existence of non- 
degenerate skew Hopf pairing on C/ r;S (g). 

Proposition 38. Let (,) q be the skew Hopf pairing on U q (g). Define a bilinear form 
as follows: 

(y,x) qX = ap, a )-\(P',o[)-\y,x) q , Wxe (Uf ( ) a , a ,, y G (t/gW'- 
Then ( , is a unique nondegenerate skew Hopf pairing on U r>s (o). 

Proof. It is clear that ( , ) q ^ is unique and nondegenerate since ( , ) q is nondegenerate. 



{K' i ,K j ) q , c = aai,<* j )- 2 (K' i ,K. 



r {i,j) s -<j,i) q-dictij qdidij _ r {i,j) s -<j,i) 



(F h Ej) qA = (Fi, Ej) q = 5. 



-1 



M -1 ' 

Qi-Qi 



For any y G (U^)p„, x { G (C/| c °) fti7i , we have 

(y, xi o x 2 ) q £ = (((3, (3i + /5 2 ) _1 C(7, 7i + 72) _1 C(/3i, Ai)C(7i, 72) _1 (l/, x x x 2 ) q 

= ((P, A + /3 2 )" 1 C(7, 7i + 7 2 )- 1 C(A, /3 2 )C(7i, 7 2 )" 1 (l/i, x 2 ) q {y 2 , Xl ) q , 

where A(y) =J2yi® V2, Vi e (£^°W, y 2 G (E/J°)_„ )7 with i/ G Q. 
On the other hand, 

(yi, x 2 ) q , c (y 2 , xi), if = C(/5, /3 2 ) _1 C(^ 72) _1 (yi, x 2 ) 9 C(-^ /3i) _1 C(7, 7i) _1 (l/2, si), 

= C(A ft)" 1 ^, 72)" 1 C(-^ A)- 1 C(7, 71)" 1 (yi, x 2 ) q {y 2 , Xl ) q . 

Since /3 + v + /3 2 + 7 2 = 0, 7 - v + fi x + ^ — 0, 

C(/3, /3 2 )- 1 C(^, 7 2 )- 1 C(-^, A)- 1 C(7, 71)- 1 

= C(/3, /9 2 )- 1 C(A + 7i + 7, 7 2 )- 1 C(/9 2 + 72 + P, A)™ 1 C(7, 7i) _1 
= C(/3, A + /3 2 )- 1 C(7, 7i + 7 2 )- 1 C(A, A)C(7i, 72)- 
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Hence, (y, x x o x 2 ) q>c = (yi,x 2 ) q}C (y 2 ,Xi) qjC . Similarly, 

(Vi o 2/2, £> g ,c = C(A + fa, + 72, 7) _1 C(/5i, Will, 7 2 r 1 (2/i2/2, x) q 

= C(Pi + ft, Pr'Cili + 72, 7)" 1 C(/3i, ft)C(7i, 72) _1 <2/i, a:i>, (y 2> a*),, 
where A(x) = ® ^2, £i G (f/ g ;°)j3, V! £2 G (E/-°)_„ )7 . Since 

(2/1, xi)g j( (y 2 , x 2 } q ,( = C(j3i, /?) _1 C(7i, ^) _1 C(/^2, -^) _1 C(72, l)~ l (yi,xi)g(y 2 , x 2 ) q . 
Since /3 X + 71 + /3 + z/ = 0, /3 2 + 72 + 7 - f = 0, 

C(/3i, /?)" 1 C(7i, i/)- l C(A, -^) -1 C(72, 7)" 1 

= C(A, /5)" 1 C(7i, /?2 + 72 + 7)" 1 C(/5 2 , A + 7i + /5)" 1 C(72, 7)" 1 
= C(A + ft, /3)- X C(7i + 72, 7)' 1 C(A, ft)C(7i, 72)- 1 . 
Hence, (y t o y 2 , x) 9 ,c = (yi,x 1 ) q>( {y 2 , x 2 ) q ,c- □ 

Corollary 39. Let (, ) rjS 6e i7ie s^eu; H op f pairing on U r>s ($) constructed in [TT] (see 
also |5j [3]), to e /iave ( , = ( , ) r>3 . 

6. Deformed representation theory 

In the above sections, we considered U r>s ($) as a deformation structure of U qtq -i(g). 
Correspondingly, we continue to consider [/^(j^-modules as the deformation structure 
of U q q -\ (g)-modules. To this end, we need to extend the definitions of (skew)bicharacter 

a j 

C or pij to be defined on A x A such that £(A, c^) = Uj =1 C(a>j, atj)™ = C(ati, A) , or 
Px, ai = H; ,(/';})"' for A = £ £ . W e A. 

Definition 40. T/ie category O r,s consists of finite- dimensional U r>s (g) -modules V r,s 
(of type 1) satisfying the following conditions: 

(1) V r,s has a weight space decomposition V r,s = ®\ e \V[' s , where 

V r x ' s = {vE V r ' s I utv = r^s-^v, u[v = r -^s {x ' a ^v, V i E 1} 

and dimV[ ,s < 00 for all A G A. 

(2) there exist a finite number of weights Ai, . . . , X t E A such that 

wt(V r ' s ) C D(X 1 )U---UD(X t ), 

where D(Xi) := {/i G A | /x < Aj}. T/ie morphisms are taken to be usual U rtS ($) -module 
homomorphisms. 
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Let r = q and s = q^ 1 , we get the category O q = O q ' q 

Proposition 41. Let V q G Ob(O q ), Then V q has a natural U q ^(g) -module structure. 

x x v = ((a - f3, A)C(a, p)x.v, VxG (U q ) a ,p, Vue V£. 

Denote this module by V q,c - . 

Proof. By the definition above, 

K lX v = C(2a l5 \)Ki.v = p a ^q {a - x) v = r^s'^v, 

K' lX v = C(2a l5 X)K[.v = p a ^q- {a - X) v = p^q- {ai ' X) v = r'^s^v, 

Ef^v = ((aii, X)Ei.v, 

Fi- C v = C(a h X)Fi.v. 

For any v G V£ and i E I, 

Ki - c (Ej - f (Kf 1 - c „)) = rG»V<«>C(a,-, X)Ej.v = (K t o E j o K' 1 ) x v. 

Similarly, we can check the other relations. □ 

Let O q ^ be the category consisting of C/ g ^(0)-modules V q ^ . 

Theorem 42. As braided tensor categories, O q is equivalent to O q ^ . 

Proof. Let : V q — ► V q ^ be the functor between the categories O q and O q '<. For 
any V q , V' q G Ob(O q ), there exists an isomorphism of [/^(j^-modules 

£v*,v>* ■ iY q ® V ,q f — > V q ^ ® V' q ^, 

where 

Zw,v>*(v®v') = {(»', »)v®v', WveV q , v'eV'J. 

Assume that v <g) v' G (F« <g> where fi + y! = X. Then 

€v«,v<(x x (v <g> u')) = C(« - X)((a, I3)iyy'ii,x.{v <g> v')) 

= C(a - A A)C(a, /3)^,^(A(x)(u ® u')) 
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7 

= C(a-/3,n + fi')((a, 13) C(^' + /3-7,/^ + a + 7)^,7^ ® ^-7,/^') 

7 

= C(/A ^)C(«> A*)C(A*', (Yl C(v + f J >' + a + P, l)x a ,vV <g> x_ 7i/3 .t/) . 

7 

On the other hand, 

^ 'C (^V9,y'9 (v <8>v')) = £(//, a0 x 'C ( v ® u 

= C<y , A*) (X ^ a ~~ 7 ' 7)C(-7 - P, / i ')C(-7, P)x a „.v ® ar-^-v') 

7 

= C(/A A*)C(«> M)C(/^ / , /?) (X C(a* + A*' + a + A 7)^,7^ ® Z- 7 ,/3^') • 

7 

Hence, 

^y 9 y' 9 (x - c (u ® u')) = X - c (£y fl> y/<,(u <g> «'))■ 
That is, £y?,y<7 is a homomorphism of [/^-modules. It is straightforward to prove 
that C,vi,v'i is an isomorphism. Next, we shall show that the functor F** preserves the 
braiding of O q . For any V q , V' q E Ob{O q ), we define 

Then i$J, c v „, c : <g> V /<? ' c — ► V' q ^ <g> V q ^ is an isomorphism in and i$J, c v ,, c 
satisfies 



D<?,f p9,C p9,C _ p9,C p<?,C p<?,C 
-"-12 "^23 rl 12 ~~ -^23 rL 12 ^23 ■ 

This completes the proof. □ 
Corollary 43. As braided tensor categories, we have the following equivalence. 

O q ~ O r ' s . (44) 
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